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Abstract
Roma´n-Flores et al. [H. Roma´n-Flores, A. Flores-Franulic, Y. Chalco-Cano, The fuzzy integral for monotone functions, Applied
Mathematics and Computation 185 (2007) 492–498] gave some optimal upper bounds for the Sugeno integral of continuous and
strictly monotone functions and provided Yong-type inequalities for the Sugeno integral. These results are generalized to monotone
functions in this paper. Two algorithms are given for calculating the Sugeno integral of monotone functions based on Lebesgue
measure. Several illustrative examples are presented.
c© 2008 Elsevier Ltd. All rights reserved.
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1. Introduction and preliminaries
Since they were introduced by Sugeno [1], fuzzy measures and fuzzy integrals had been discussed intensively by
many authors (cf. [2–4]). Ralescu and Adams [3] generalized the range of fuzzy measures from [0, 1] to [0,∞] and
gave an equivalent definition of fuzzy integral. Pap [2] and Wang and Klir [4] provided an overview of fuzzy measures
theory.
In [5], Roma´n-Flores et al. gave some optimal upper bounds for the Sugeno integral of monotone functions and
provided Yong-type inequalities for Sugeno integral. However, the conditions over there are rather strong. In fact, the
functions over there are continuous and strictly monotone. In this paper, we generalize these results for monotone
functions (not necessarily continuous and not necessarily strictly monotone).
Now we recall some basic definitions and properties which will be useful in what follows.
Let X be a nonempty set, F be a σ -algebra of subsets of X . Let N denote the set of all positive integers and R+
denote [0,+∞]. Throughout this paper, all considered subsets are supposed to belong to F .
Definition 1.1 (Ralescu and Adams [3]). A set function µ : F → R+ is called a fuzzy measure if the following
properties are satisfied:
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(FM1) µ(∅) = 0;
(FM2) A ⊂ B implies µ(A) ≤ µ(B);
(FM3) A1 ⊂ A2 ⊂ · · · implies µ(∪∞n=1 An) = limn→∞ µ(An); and
(FM3) A1 ⊃ A2 ⊃ · · ·, and µ(A1) < +∞ imply µ(∩∞n=1 An) = limn→∞ µ(An).
When µ is a fuzzy measure, the triple (X,F, µ) is called a fuzzy measure space.
Let (X,F, µ) be a fuzzy measure space, by Fµ+(X) we denote the set of all nonnegative measurable functions with
respect to F . In what follows, all considered functions belong to Fµ+(X). Let f be a nonnegative real-valued function
defined on R, we will denote the set {x ∈ R| f (x) ≥ α} by { f ≥ α} for α ≥ 0. Clearly, { f ≥ α} is nonincreasing with
respect to α, i.e., α ≤ β implies { f ≥ α} ⊃ { f ≥ β}. Let f be a monotone function, by f (a+) ( f (a−)) we denote
the right-hand (left-hand) limit of f at a, i.e., f (a+) = limε→0+ f (a + ε) ( f (a−) = limε→0+ f (a − ε)).
Definition 1.2 (Sugeno [1],Wang and Klir [4]). Let (X,F, µ) be a fuzzy measure space, the Sugeno integral of f on
A, with respect to the fuzzy measure µ, is defined by
(S)
∫
A
f dµ =
∨
α≥0
(α ∧ µ(A ∩ { f ≥ α})).
When A = X , then
(S)
∫
X
f dµ = (S)
∫
f dµ =
∨
α≥0
(α ∧ µ({ f ≥ α})).
Some basic properties of the Sugeno integral are summarized in [2,4], we cite some of them as follows.
Theorem 1.3 (Pap [2], Wang and Klir [4]). Let (X,F, µ) be a fuzzy measure space, then
(i) µ(A ∩ { f ≥ α}) ≥ α H⇒ (S) ∫A f dµ ≥ α;
(ii) µ(A ∩ { f ≥ α}) ≤ α H⇒ (S) ∫A f dµ ≤ α;
(iii) (S)
∫
A f dµ < α ⇐⇒ there exists γ < α such that µ(A ∩ { f ≥ γ }) < α;
(iv) (S)
∫
A f dµ > α ⇐⇒ there exists γ > α such that µ(A ∩ { f ≥ γ }) > α;
(v) If µ(A) <∞, then µ(A ∩ { f ≥ α}) ≥ α ⇐⇒ (S) ∫A f dµ ≥ α.
In this paper, we only deal with the Sugeno integral of monotone functions based on Lebesgue measure. The next
section deals with the case that the considered functions are nondecreasing. The case of nonincreasing functions is
discussed in Section 3.
2. Sugeno integral for nondecreasing functions
In this section, we discuss the Sugeno integral for nondecreasing functions based on Lebesgue measure on R and
develop an algorithm for calculating this type of integral.
Theorem 2.1. Let µ be the Lebesgue measure on R and let g : [0,∞) → [0,∞) be a nondecreasing function. If
(S)
∫ a
0 gdµ = p, then
g(a − p+) ≥ (S)
∫ a
0
gdµ = p
for all a ≥ 0.
Moreover, if p < a and g is continuous at a − p, then g(a − p+) = g(a − p) = p.
Proof. Firstly, we show that g(a − p+) ≥ (S) ∫ a0 gdµ = p. Without loss of generality, we can assume that p > 0.
By using Theorem 1.3, we have that
µ([0, a] ∩ {g ≥ p}) ≥ p.
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The fact that g is nondecreasing implies that {g ≥ p} is an interval (not necessarily closed). Consequently,
[0, a] ∩ {g ≥ p} is an interval (due to p > 0, we also know that this interval is nonempty), denoted by 〈w, a],
where w is not necessary in 〈w, a]. Thus
µ([0, a] ∩ {g ≥ p}) = a − w ≥ p.
Now, for any sufficient small positive number ε, a− p+ ε ≥ w+ ε > w, i.e., a− p+ ε ∈ 〈w, a] and w+ ε ∈ 〈w, a].
Whence
g(a − p + ε) ≥ g(w + ε) ≥ p.
Letting ε → 0, we have g(a − p+) ≥ p as desired.
Now suppose that p < a and g is continuous at a − p, we verify g(a − p+) = g(a − p) = p in two cases.
(i) 0 < p < a. If g(a − p+) 6= p, then g(a − p) > p. Therefore, there is a δ > 0, such that g(a − p − δ) = r > p.
Hence
(S)
∫ a
0
gdµ ≥ r ∧ µ([0, a] ∩ {g ≥ r}) ≥ r ∧ (p + δ) > p,
a contradiction.
(ii) p = 0, i.e., a − p = a. In this case we must have g(a) = 0. In fact, suppose g(a) > 0, then there is a δ > 0, such
that g(a − δ) > 0 (noting that g is continuous at a − p = a). Thus
(S)
∫ a
0
gdµ ≥ g(a − δ) ∧ µ([a − δ, a]) > 0 = p,
again a contradiction. 
Proposition 2.2. Let µ be the Lebesgue measure on R and g : [0,∞) → [0,∞) a nondecreasing function. Let
a ∈ [0,∞) and w ∈ [0, a] such that g(w−) ≤ a − w ≤ g(w+) (throughout this paper, we provide that
g(0−) = g(0)), then (S) ∫ a0 gdµ = a − w. Conversely, if there is w > 0 such that (S) ∫ a0 gdµ = a − w, then
g(w−) ≤ a − w ≤ g(w+).
Proof. Since g(w−) ≤ a−w, for any α ∈ (a−w, a], we have that {g ≥ α} ⊂ [w,∞) and so µ([0, a] ∩ {g ≥ α}) ≤
µ([w, a]) = a − w. Hence,∨
α∈(a−w, a]
(α ∧ µ([0, a] ∩ {g ≥ α})) ≤ a − w.
It is obvious that α ∧ µ([0, a] ∩ {g ≥ α}) ≤ α ≤ a − w whenever α ∈ [0, a − w]. Thus
(S)
∫ a
0
gdµ =
∨
α∈[0, a]
(α ∧ µ([0, a] ∩ {g ≥ α})) ≤ a − w.
On the other hand,
(S)
∫ a
0
gdµ ≥ (a − w) ∧ µ([0, a] ∩ {g ≥ a − w})
= (a − w) ∧ µ(〈w, a])
= a − w.
Hence (S)
∫ a
0 gdµ = a − w.
Conversely, if w > 0 and (S)
∫ a
0 gdµ = a−w we have that g(w−) ≤ a−w ≤ g(w+). In fact, if a−w < g(w−),
then there exists an ε > 0 such that g(w − ε) > a − w. Consequently,
(S)
∫ a
0
gdµ ≥ g(w − ε) ∧ (a − w + ε) > a − w,
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a contradiction. Thus g(w−) ≤ a −w holds. If a −w ≤ g(w+) does not hold, that is, g(w+) < a −w, then w < a.
Thus there exists ε > 0 such that g(w + ε) = r < a − w. Hence
(S)
∫ a
0
gdµ =
∨
α∈[0,a]
(α ∧ µ([0, a] ∩ {g ≥ α}))
=
( ∨
α∈[0,r ]
(α ∧ µ([0, a] ∩ {g ≥ α}))
)∨( ∨
α∈(r,a]
(α ∧ µ([0, a] ∩ {g ≥ α}))
)
≤ r
∨( ∨
α∈(r,a]
µ([0, a] ∩ (w + ε, a])
)
= r ∨ (a − w − ε) < a − w,
again a contradiction. 
Note 2.3. According to Theorem 2.1 and Proposition 2.2, if there is w > 0 such that (S)
∫ a
0 gdµ = a − w < a, and
if g is continuous at w, then (S)
∫ a
0 gdµ = a − w = g(w). Moreover, if g(0) < a and g is continuous at 0, then
(S)
∫ a
0 gdµ < a. In other words, if g(0) < a and (S)
∫ a
0 gdµ = a, then 0 is a discontinuity of g and we can know that
g(0−) < a ≤ g(0+) holds.
Now we suppose that g has only finite discontinuous points, say x1, x2, . . . , xn . If g(0) < a and for any
xi (1 ≤ i ≤ n), g(xi−) ≤ a − xi ≤ g(xi+) does not hold, then there is an x0 ∈ [0, a] such that
(S)
∫ a
0
gdµ = g(x0) ∧ µ([x0, a]).
Moreover, we can easily see that g is continuous at x0, and so we have g(x0) = a − x0 by Note 2.3. We emphasize
that x0 is the unique solution for g(x) = a − x , since g is nondecreasing and a − x is strictly decreasing. Therefore,
we can formulate an algorithm for calculating the fuzzy integral (S)
∫ a
0 gdµ whenever g has only finite discontinuous
points x1, x2, . . . , xn . (We suppose that g(0) < a, since we will easily know that (S)
∫ a
0 gdµ = a if g(0) ≥ a.)
Algorithm. 1◦ Input n (the number of discontinuities of g) and let i = 1.
2◦ If i ≤ n, let w = xi and calculate g(w−) and g(w+).
3◦ If g(w−) ≤ a − w ≤ g(w+), then go to 5◦. Otherwise, let i = i + 1 and go to 2◦.
4◦ Solve the functional equation g(x) = a − x and obtain its solution w.
5◦ (S)
∫ a
0 gdµ = a − w.
Example 2.4. Let
g(x) =
{1
2
x2 if x ∈ [0, 1],
x + 1 if x ∈ (1,∞).
Now we calculate (S)
∫ 2
0 gdµ. Since x1 = 1 is the unique discontinuous point of g, and
g(1−) = 1
2
< 2− x1 < 2 = g(1+),
(S)
∫ 2
0 gdµ = 2− x1 = 1.
Example 2.5. Let
g(x) =
x
2 if x ∈ [0, 2],
4 if x ∈ [2, 3],
x2 − 5 if x ∈ [3,∞).
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Now we calculate (S)
∫ 10
0 gdµ. Since g is a continuous function, we only need to solve the equation
g(x) = 10− x (2.1)
to obtain the value of (S)
∫ 10
0 gdµ. Noting that 10− x ≥ 7 > 4 ≥ g(x) for any x ≤ 3, Eq. (2.1) changes to
x2 − 5 = 10− x
and its unique solution is x0 = −1+
√
61
2 . So (S)
∫ 10
0 gdµ = 10− x0 = 21−
√
61
2 .
Example 2.6. Consider
g(x) =

x2 if x ∈ [0, 1],
2 if x ∈ (1, 2],
2
√
x if x ∈ (2, 3),
x + 2 if x ∈ [3,∞),
and p = (S) ∫ 50 gdµ. This function has three discontinuous points x1 = 1, x2 = 2 and x3 = 3. Noting that
5− x1 = 4 > 2 = g(x1+), and
5− x2 = 3 > 2
√
2 = g(x2+), and
5− x3 = 2 < 2
√
3 = g(x3−),
and the facts that g is nondecreasing and 5− x is decreasing, we can know that p can only be attained in (2, 3). Since
the unique solution of 5− x = 2√x is x0 = 7− 2
√
6,
p = g(x0) = 5− x0 = 2
√
6− 2.
3. Sugeno integral for nonincreasing functions
In this section, we deal with the case of nonincreasing functions. Since the results are quite similar to those of the
previous section, we omit all of the proofs.
Theorem 3.1. Let µ be the Lebesgue measure on R and let g : [0,∞) → [0,∞) be a nonincreasing function. If
(S)
∫ a
0 gdµ = p, then
g(p−) ≥ (S)
∫ a
0
gdµ = p
for all a ≥ 0.
Moreover, if p < a and g is continuous at p, then g(p−) = g(p) = p.
Proposition 3.2. Let µ be the Lebesgue measure on R and g : [0,∞) → [0,∞) a nonincreasing function. Let
a ∈ [0,∞) and w ∈ [0, a] such that g(w+) ≤ w ≤ g(w−), then (S) ∫ a0 gdµ = w. Conversely, if there is w < a such
that (S)
∫ a
0 gdµ = w, then g(w+) ≤ w ≤ g(w−).
Note 3.3. According to Proposition 3.2, if there is w such that (S)
∫ a
0 gdµ = w < a, and if g is continuous at w, then
(S)
∫ a
0 gdµ = w = g(w). Moreover, if g(a) < a and g is continuous at a, then (S)
∫ a
0 gdµ < a. In other words, if
g(a) < a and (S)
∫ a
0 gdµ = a, then a is a discontinuity of g and we can know that g(a−) ≥ a > g(a+) holds.
Suppose that g has only finite discontinuities, denoted by x1, x2, . . . , xn . If g(a) < a and for each i , g(xi+) ≤
xi ≤ g(xi−) does not hold, then by Note 3.3 we know that (S)
∫ a
0 gdµ < a. So there is w ∈ [0, a) such that
(S)
∫ a
0 gdµ = w, and by Proposition 3.2, g(w+) ≤ w ≤ g(w−). Since g is continuous at w (w differs from each xi ),
we have
(S)
∫ a
0
gdµ = w = g(w).
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Moreover,w is the unique solution of g(x) = x , since g(x) is nonincreasing and x is strictly increasing. The following
algorithm provide a method for calculating the fuzzy integral (S)
∫ a
0 gdµ, where g has only finite discontinuities
x1, x2, . . . , xn . (We always suppose that g(a) < a, since we will easily know that (S)
∫ a
0 gdµ = a if g(a) ≥ a.)
Algorithm. 1◦ Input n (the number of discontinuities of g) and let i = 1.
2◦ If i ≤ n, let w = xi and calculate g(w−) and g(w+).
3◦ If g(w+) ≤ w ≤ g(w−), then go to 5◦. Otherwise, let i = i + 1 and go to 2◦.
4◦ Solve the functional equation g(x) = x and obtain its unique solution w.
5◦ (S)
∫ a
0 gdµ = w.
Example 3.4. Let
g(x) =

1
x
if x ∈ [0, 1],
1
x + 1 if x ∈ (1,∞).
Since x1 = 1 is the unique discontinuity of g and
g(x1+) = 12 < x1 = 1 = g(x1−),
therefore (S)
∫ a
0 gdµ = x1 = 1 for any a ∈ (1,∞). For a ≤ 1, since g(a) ≥ g(1) ≥ a, we always have
(S)
∫ a
0 gdµ = a.
Example 3.5. Let
g(x) =
{
(x − 5)2 if x ∈ [0, 4],
1 if x ∈ (4,∞),
and p = (S) ∫ 50 gdµ. Since g is a continuous function and g(5) < 5, we only need to solve the equation that
g(x) = x (3.1)
to obtain the value of p. Noting that the unique solution of this equation can only be attained in [0, 4], Eq. (3.1)
changes to
(x − 5)2 = x .
Solving this equation and obtaining its solution x0 = 11−
√
21
2 . So p = (S)
∫ 5
0 gdµ = 11−
√
21
2 .
Example 3.6. Consider
g(x) =

1
x2
if x ∈
[
0,
1
2
)
,
3 if x ∈
[
1
2
, 1
)
,
3−√x if x ∈ [1, 3],
1
x
if x ∈ (3,∞),
and p = (S) ∫ 100 gdµ. Observe that g has three discontinuous points x1 = 12 , x2 = 1 and x3 = 3 and noting the facts
that
x1 = 12 < 3 = g(x1+), and
x2 = 1 < 2 = g(x2+), and
g(x3−) = 3−
√
3 < 3 = x3,
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we can obtain the value of p by solving g(x) = x . By the above arguments, we know that its unique solution is in
[1, 3]. Solving 3−√x = x we obtain x0 = 7−
√
13
2 . Thus
p = g(x0) = x0 = 7−
√
13
2
.
In [5], Roma´-Flores et al. obtained two Young-type inequalities for the Sugeno integral. However, the conditions
over there are rather strong. In fact, the functions over there are continuous and strictly monotone. We intend to
generalize these results here for general monotone functions. Recall that for a monotone function g : [a, b] → [c, d],
its pseudo-inverse g(−1) : [c, d] → [a, b] is defined by
g(−1)(y) = sup{x ∈ [a, b]|(g(x)− y)(g(b)− g(a)) < 0},
with the convention that sup∅ = a. Therefore, when g is nondecreasing,
g(−1)(y) = sup{x ∈ [a, b]|g(x) < y},
and
g(−1)(y) = sup{x ∈ [a, b]|g(x) > y}
whenever g is nonincreasing. Moreover, g(−1) is nondecreasing (nonincreasing) whenever g is nondecreasing
(nonincreasing). For more information about pseudo-inverse, we refer to Kelement et al. [6] and Schweizer and
Sklar [7].
Using the concept of pseudo-inverse for monotone function and the results obtained in Theorems 2.1 and 3.1, we
can generalize the Young-type inequalities presented in [5].
Corollary 3.7. Let µ be Lebesgue measure and let g : [0,∞)→ [0,∞) be a monotone function. If (S) ∫ a0 gdµ = p
and (S)
∫ b
0 g
(−1)dµ = q and 0 ≤ a ≤ b, then
(i) when g is nondecreasing, we have
(S)
∫ a
0
gdµ+ (S)
∫ b
0
g(−1)dµ ≤ g(a − p+)+ g(−1)(b − q+);
(ii) when g is nonincreasing, we have
(S)
∫ a
0
gdµ+ (S)
∫ b
0
g(−1)dµ ≤ g(p−)+ g(−1)(q−).
Corollary 3.8. Let µ be the Lebesgue measure and let g : [0,∞)→ [0,∞) be a monotone function. If (S) ∫ a0 gdµ =
p and (S)
∫ b
0 g
(−1)dµ = q and 0 ≤ a ≤ b, then
(i) when g is nondecreasing, we have(
(S)
∫ a
0
gdµ
)(
(S)
∫ b
0
g(−1)dµ
)
≤ g(a − p+)g(−1)(b − q+);
(ii) when g is nonincreasing, we have(
(S)
∫ a
0
gdµ
)(
(S)
∫ b
0
g(−1)dµ
)
≤ g(p−)g(−1)(q−).
Note 3.9. If g is continuous and strictly increasing (decreasing), then g(−1) coincides with the usual inverse g−1,
therefore it is also continuous and strictly increasing (decreasing). So the above two results indeed generalize the
conclusions of Corollaries 1, 2 of [5]. We also point out here that in Corollaries 1, 2 of [5], the function g should attain
the value 0 at some point. Otherwise the conclusion is not valid, since g−1 will be not defined at 0.
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4. Conclusions
Let g be a nonnegative measurable monotone function, µ the Lebesgue measure. In this paper, we have shown
that:
(i) If g is nondecreasing, then g(a − (S) ∫ a0 gdµ+) ≥ (S) ∫ a0 gdµ; and
(ii) if g is nonincreasing, then g((S)
∫ a
0 gdµ−) ≥ (S)
∫ a
0 gdµ.
Moreover, if g is nondecreasing and g(0) < a, we can obtain the value of (S)
∫ a
0 gdµ by checking the
relationship among g(wi−), a − wi and g(wi+), where wi are the discontinuities of g, and solving the equation
g(a − (S) ∫ a0 gdµ) = (S) ∫ a0 gdµ. If g is nonincreasing and g(a) < a, we can obtain the value of (S) ∫ a0 gdµ by
checking the relationship among g(wi−), wi and g(wi+), where wi are the discontinuities of g, and solving the
equation g((S)
∫ a
0 gdµ) = (S)
∫ a
0 gdµ.
We only discuss a special class of Sugeno integral, i.e., the Sugeno integral based on Lebesgue measure. For
general fuzzy measure, however, we do not know whether there are similar results. This will be an interesting topic.
The following transformation theorem (Wang and Klir [4])
(S)
∫
A
f dµ = (S)
∫
µ(A ∩ Fα)dm
seems to be useful, since the right-hand side is the Sugeno integral of a nonincreasing function based on Lebesgue
measure.
We should also point out that Theorems 2.1 and 3.1 are useful. For example, based on these two results and
the transformation theorem of fuzzy integral, we proved a Chebyshev-type inequality [8,9] for Sugeno integral of
monotone functions with respect to arbitrary fuzzy measures. We hope that the results obtained in this contribution
can be used in more fields.
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